The well-known Kirschner-Panetta model for Tumour-Immune System interplay [Kirschner and Panetta, J. Math. Biol 37 (3), 1998] reproduces a number of features of this essential interaction, but it excludes the possibility of tumour suppression by the immune system in the absence of therapy. Here we present a hybrid-stochastic version of that model. In this new framework, we show that in reality the model is also able to reproduce the suppression, through stochastic extinction after the first spike of an oscillation.
Introduction
The tumour-immune system interaction takes place because tumour cells are characterised by a vast number of genetic and epigenetic events leading to the appearance of specific antigens, called neoantigens, that trigger antitumoural actions by the immune system (Pardoll 2003) . These observations provided a theoretical basis (Burnet 1957) to the empirical hypothesis of immune surveillance, i.e. that the immune system may act to control and also, in some case, to eliminate tumours (Ehrlich 1909) . Only in recent years has the study of cancer immunobiology accumulated a sufficient amount of evidence to show that tumours may be suppressed by immune system effectors. This has been made possible by the application of new molecular techniques and by performing a large number of epidemiological studies (Dunn et al. 2004) .
The competitive interaction between tumour cells and the immune system involves a considerable number of events and molecules in a extremely complex way. As a consequence, the immune system is not able to eliminate a neoplasm in all cases, since it may escape from its control. Of course, a dynamic equilibrium may also be established, such that the tumour may survive in a microscopic steady state, which is undetectable by diagnostic equipment (d 'Onofrio 2007) . However, let us consider a tumour which is constrained by the immune system in a microscopic steady state. On the one hand, the presence of a small colony of tumour cells may result in metastases. On the other hand, over a long period of time, a significant fraction of the mean human life span, according to (Dunn et al. 2004) , the neoplasm may develop multiple strategies to circumvent the action of the immune system (Whiteside 2002 , Pardoll 2003 , Dunn et al. 2004 , Vicari et al. 2002 . This, in the long term, may allow it to evade immune surveillance and to re-commence growing to its carrying capacity. The tumour has itself adapted to survive in a hostile environment, in which the antitumour immune response is activated (d 'Onofrio 2007 .
However, the tumour-immune system interaction may also show attractors that are different from a constant equilibrium, namely oscillations. In fact, one may observe both 'short term-small amplitude' oscillations (Kennedy 1970 , Vodopick 1972 , Gatti et al. 1973 , Mehta and Agarwal 1980 and patterns of remission-recurrence such as alternation of long phases of dormancy (where a fallacious apparent immune surveillance seems reached) followed by phases where the tumour seems to escape (Tsao et al. 1997 , Blumberg et al. 1990 , Sohrabi et al. 1980 . Finally, the study of the tumour-immune system interaction led to the proposal and implementation of an interesting therapeutic approach: immunotherapy (De Vito et al. 2005) , consisting in stimulating the immune system in order to better fight, and hopefully eradicate, a cancer. The basic idea of immunotherapy is simple and promising, but the results obtained in medical investigations are globally controversial (Agarwala 2003 , Bleumer et al 1003 , Kaminski et al. 2004 .
Regarding the mathematical modelling of the above interactions, many papers have appeared using either a finite dimensional approach (De Lisi and Rescigno 1977 , Kirschner and Panetta 1998 , Stepanova 1980 , Kuznetzov et al. 1994 , Kuznetzov and Knott 2001 , Galach 2003 , Szymanska 2003 , De Vladar and Gonzalez 2004 , De Pillis et al. 2005 , d'Onofrio 2005 , d'Onofrio 2007 , Cappuccio et al. 2006 , Kronik et al. 2008 , Kirschner and Tsygvintsev 2009 or the theory of kinetic active particles Delitala 2008, Bellomo et al 2008) .
Some of the above works focus on sustained oscillations that are related to delays in the process of detecting the presence of the tumour by the immune system (Galach 2003 , Szymanska 2003 , whereas others show that oscillations are also possible in the case of absence of such delays (d 'Onofrio 2006, Kirschner and Panetta 1998) . For example, in (d 'Onofrio 2006 ) an analytical study is conducted and conditions are stated for the existence and uniqueness of a limit cycle for a large class of models.
In (Kirschner and Panetta 1998) , Kirschner and Panetta proposed a largely influential tridimensional deterministic model, whose variables are tumour cells, effector cells and the concentration of interleukins. This model is able to explain both the above type of tumour size oscillations, as well as, of course, constant equilibria, both macroscopic and microscopic. The global behaviour of the model was recently investigated in (Kirschner and Tsygvintsev 2009) . Although a vast array of behaviours is mimicked by the solutions of the Kirschner-Panetta model, the tumour-free equilibrium is unstable for all biologically meaningful values of the parameters of the model.
However, we noticed that in the transitory oscillations before reaching a stable equilibrium, and also in sustained stable large oscillations, very small values of the tumour size are predicted by this deterministic model. These values could be considered well below the level of detection but they cannot be considered as eradication. Thus, we propose here a stochastic version of the KirschnerPanetta model, which may better describe the dynamics of the tumour-immune system interplay in the case of low levels of both tumour and immune cells. In the bio-mathematical literature it has been stressed how deterministic models may exhibit oscillating solutions having no counterpart in their corresponding stochastic version, where population extinction is, instead, predicted (Nasell 2002) .
In order to assess whether this also happens in the Kirschner-Panetta model, we propose here an extended model where the dynamics of tumour cells and immune effectors are described by a suitable stochastic process, whereas the dynamics of the concentration of interleukins is modelled by an ordinary differential equation. Since the stochastic processes are interlinked with the dynamics of the interleukins (and vice versa), the main features of this model are that it contains time-dependent propensity functions and combines both the features of deterministic and stochastic models.
This provides a useful tool through which we aim to offer a theoretical contribution towards a better understanding of the dynamical aspects of a key phenomenon: the suppression of a tumour by the immune system. In particular, we focused on: i) assessing the role of antigenicity of tumour cells (Kirschner and Panetta 1998) in shaping those dynamics; ii) investigating the interplay between the so-called intrinsic noise and the macroscopic tendency of tumour-immune system interplay to oscillate (d 'Onofrio 2006, Kirschner and Panetta 1998) .
The present work is organised as follows: in Section 2 we present the Kirschner-Panetta model and we summarise its main features, with particular regard to those linked to the onset of sustained oscillations. In Section 3 we propose a hybrid stochastic version of the model. In Section 4.1 we use the stochastic Kirschner-Panetta model to investigate the role of stochasticity in tumour suppression. The work ends with some concluding remarks.
Overview of the Kirschner-Panetta model
In (Kirschner and Panetta 1998) the following model of the dynamics of tumour-immune system interaction was proposed:
where T * (t), E * (t) and I(t) denote, respectively, the densities of tumour cells, effectors of the immune system and interleukins. The tumour induces the recruitment of the effectors at a linear rate cT , thus, the parameter c may be seen as a measure of the immunogenicity of the tumour, i.e. 'a measure of how different the tumour is from self' (Kirschner and Panetta 1998) . The proliferation of effectors is stimulated by the interleukins. A continuous infusion immunotherapy is delivered; in the general case, both effectors and interleukins are injected at rates s 1 ≥ 0 and s 2 ≥ 0. The source of interleukin is modelled as linearly depending on effectors, and it also depends on the tumour burden. Finally, the average lifespan of effectors is µ −1 2 and the average degradation time for interleukin is µ −1
3 . In the absence of therapy (s 1 = s 2 = 0), the main results obtained in (Kirschner and Panetta 1998) are the following: the unique tumour suppression equilibrium point (0, 0, 0) is always unstable, there is a value 0 < c 0 << 1 such that for 0 < c < c 0 there are three equilibria of which two are unstable and one is locally stable. As it is intuitive, the antigenicity of the tumour being very small, this locally stable equilibrium is very close to the carrying capacity in the absence of immune response. Furthermore, there is a value c max > 0 such that if c ∈ (c 0 , c max ) there is a unique periodic solution; the period and amplitude of the limit cycle decreases as far as c approaches c max . Finally, when c > c max there is a unique globally stable equilibrium, which is reached through damped oscillations. Again, this equilibrium is a decreasing function of c, and its size is small due to the high immunogenicity of the tumour. The presence of a very small equilibrium state that is not detectable might seem to be a sub-optimal outcome, so that one may consider it as practically equivalent to tumour suppression. However, it must be remembered that, as we mentioned in the introduction, the Volterrian interaction between tumour cells and the immune system is also evolutionary: tumour cells evolve their ability to evade the control (Dunn et al. 2004 , d'Onofrio 2007 ) and, as a consequence, no microscopic steady state may be considered permanent and safe for the patient (d 'Onofrio 2007) .
Thus, we note that this model explicitly precludes the possibility of tumour suppression, which follows from the absence of a baseline influx of effectors. We remark that this holds in the absence of therapy, and that is the case which we will consider in the rest of the paper. In the presence of therapies, the behaviour of the system becomes more complex, but in all the possible combinations of the parameters it is possible to find regions where globally stable limit cycles exist, as well as regions where there is cancer suppression. Moreover, there is a threshold value such that, for the injection rate of the interleukins greater than such a value, there is an unbounded growth of effectors, leading to capillary leak syndrome.
A Hybrid Stochastic version of the Kirschner-Panetta model
In this section we define a hybrid stochastic version of the model (1). In principle, indeed, before defining a stochastic equivalent of the model (1), we should switch from variables representing densities to variables representing the total number of cells. Thus, we would obtain an ODE model from which it would be straightforward to obtain a three dimensional stochastic process. However, since the molecular weight of interleukins is 15000 Dalton, the average number of proteins is huge. As a consequence, we may assume that the dynamics of I(t) is well approximated by a linear differential equation with randomly varying coefficients, which, however, in the intervals between two consecutive stochastic events are evidently constant.
As a consequence, we introduce as a new parameter the volume V of interest (e.g. the blood and bone marrow volumes for leukaemia) and we define:
thus obtaining:
From the above model, we define a hybrid stochastic process, where a bi-dimensional stochastic process is linked to a scalar differential equation ruling the dynamics of the concentration of interleukins. Namely, in the interval between the n-th event (at time denoted as t n ) and the (n + 1)-th event, the above mentioned ODE is:
which, since in (t n , t n+1 ) the other two state variables are constant, is a linear ordinary differential equation with constant input and constant coefficients. Thus, the solution of (4) in (t n , t n+1 ) has the following analytical form:
where B n , for the sake of notation simplicity, is the following function of (T n , E n ):
The stochastic model of the evolution of the tumour cells and the effector cells is defined by the following events and the corresponding propensity functions:
Notice that all the propensity functions except for a 4 (t) are time-constant. In order to analyse this model, we need to define an algorithm for computing its time evolution. Although in the literature algorithms for simulating hybrid systems have been presented (Salis and Kaznessis 2005, Alfonsi et al. 2004 ), in this model we combine the hybrid approach with time-dependent propensity functions (Lecca 2006 , Anderson 2007 . Consequently, we define, based on the main ideas of Gillespie's algorithm (Gillespie 1976 , Gillespie 1977 ), a stochastic evolution algorithm for this hybrid model. The event-induced changes in the values of T and E can be represented by the following sevendimensional vectors ν T = (1, −1, −1, 0, 0, 0, 0)
Namely, ν T [i] and ν E [i] denote how the event R i affects the population T and E, respectively. Furthermore, we denote with S the set of time-constant propensity functions, namely the set {a 1 , a 2 , a 3 , a 5 , a 6 , a 7 }. The unique time varying propensity is given by the formula:
.
We define the function:
Given the analytical form of I(t) in formula (5), A(τ ) reads as follows:
The exact simulation algorithm for the hybrid system under study can consequently be defined as follows:
1. Input the initial state: (T 0 , E 0 , I 0 ) and the maximum simulation time Θ M 2. Initialise the time t = t 0 and the system state (T, E, I) = (T 0 , E 0 , I 0 ).
If t ≥ Θ M end the simulation, else
4. Evaluate all the a j with j ∈ S and their sum a 0 = j∈S a j .
5. The putative time for the next reaction τ is determined by solving the following transcendental equation:
where χ is a random number with distribution Exp(1). For the numerical solution of this equation we used Newton-Raphson method.
6. Given a random number r uniformly distributed in the interval [0, 1], the next event is determined in accordance with
, I(t + τ )) and the clock to t + τ .
8. Go to step 3.
Finally, in order to perform the simulations of both the deterministic and stochastic model, we have to define numerical values for the parameters.
Concerning the parameters, we used the values and ranges given in the references Panetta 1998, Kirschner et al 2004) , as listed in Table 1 . Note that those values pertain to mice, since they were taken from the influential papers (DeBoer et al. 1985 , Kuznetzov et al. 1994 , where accurate fitting of real data concerning laboratory animals were performed. As far as parameter V is concerned, by taking into account that in a chimeric mouse the body weight ranges from 20 grams for female mouse up to 40 grams, and that their blood volume ranges from 5.8 ml per 100 grams up to 8 ml per 100 grams, it follows that a reasonable range for V is from 1.16 ml up to 3.2 ml, in our simulations we assumed: V = 3.2ml.
In our simulations we focused on two key parameters: c, which reflects the antigenic potential of the tumour, and s 1 which represents the injection rate of effectors for adoptive cellular immunotherapy.
Stochastic behaviour 4.1 Stochastic suppression of tumour in absence of immunotherapy
In (Kirschner and Panetta 1998) it has been shown that the antigenicity parameter c is a key parameter for model (1) since, for very low values of c, the tumour burden reaches values near its carrying capacity, for large values of c the tumour reaches a small steady state, whereas, for intermediate values, lying in a quite narrow range R = (c min , c max ), there is the onset of oscillations through Hopf bifurcations at c = c min and at c = c max . This is biologically sound since, of course, the immunogenicity of a tumour is an essential factor so that the immune system may attack the tumour with some effectiveness.
However, simulating (3) we noticed that, although for c slightly higher than c min the maximum value attained during the oscillations may be of the order of the carrying capacity, the minima of T (t) seem very small. Indeed, if we plot time courses of tumour size in a Log10 scale, as in Figure 1 , we may easily see that there are temporal ranges where the deterministic setting predicts that T (t) < 1 cell.
This suggested to us that a range Ω ⊂ R might exist where, by using the stochastic version of the Kirschner-Panetta model, the oscillating interplay tumour-effectors-interleukins might lead to the eradication of the disease. This hypothesis was confirmed by the stochastic simulations. All the simulations of the hybrid model weredone by using a Java implementation of this model and of the algorithm presented in Section 3. The Java source code of the implementation is freely available at the URL: http://www.di.unipi.it/msvbio. We present, in Figure 2 , two realisations (for c = 0.01 and for c = 0.02) of the stochastic process corresponding to the deterministic time-courses shown in Figure 1 . We set the worst possible initial conditions for effectors and interleukins, i.e. E(0) = 0, I(0) = 0.
It is immediately noticeable that the stochastic behaviour is deeply different from that predicted by the deterministic model since, in the stochastic simulation, only the first spike of the oscillation is achieved and then the tumour eradication is reached. In particular, with c = 0.01 eradication is observed around day 160 and with c = 0.02 around day 120. Table 1 .
Thus, denoting as t er the random variable time of occurrence of the eradication we calculated the associated empirical probability density ̺(t er ; c) with c = 0.02. The result is shown in Figure 3 . Such a density, computed over 10 3 stochastic runs of the model, has a peak at around day 130; all the simulations have shown eradication with a simulation time bounded to 200 days.
Note that the stochastic simulations for some values of c become computationally intractable for sample hundreds of runs. For example, at c = 0.01 a single stochastic run took almost 70 hours on a Apple MAC 1 . Consequently, we decided to perform a deeper analysis on the deterministic model, which is much less computationally expensive, considering as eradication the first time instant in which T (t) < 1. We calculated, for the values of Log 10 (c) in [−4; −1] the average eradication time t er (c) in function of c, as reported in Figure 4 . We note that for c approaching c min the putative eradication time becomes very large. However, notice that in reality the patient dies before that the carrying capacity is reached. Moreover, after decreasing for nearly all the range Ω, the curve has a minimum and the eradication time restarts growing. Notice that for c = 0.02 (∼ Log 10 (c) = −2.6) the analysis of the deterministic model gives roughly similar predictions of the stochastic behaviour observed in Figure  3 .
In order to assess the influence of non-null initial value for effectors, in Figure 5 , we show the effect of increasing E 0 on the empirical probability density of t er with c = 0.02 in the stochastic model. These densities are computed over 10 2 stochastic runs. All the initial configurations we considered are of the form (T 0 , E 0 , I 0 ) = (1, 10 i , 0) with i = 1, . . . , 5. In particular, for i = 1, 2, 3 the densities have the peaks in the interval [120; 140] while, for i = 4, 5 the densities become bimodal with peaks in the intervals [120; 140] and [0; 10] . For the particular initial configurations, which are not shown in the figure, having 10 6 or more initial effectors, all the eradications are observed almost instantaneously. The same kind of analysis was performed by varying the initial numbers of interleukins. In particular, in Figure 6 , we show the effect of increasing I 0 on the empirical probability density of t er with Table 1 . c = 0.02 in the stochastic model. Also these densities are computed over 10 2 stochastic runs. All the initial configurations we considered are of the form (T 0 , E 0 , I 0 ) = (1, 0, 10 i ) with i = 1, 2, 4, 6. In this case, unlike the previous ones, we observed single modal probability densities with peaks in the interval [110; 135] .
Stochastic oscillations in absence of immunotherapy
The stochastic version of the Kirschner-Panetta model exhibits stochastic oscillations for a small range of values of the antigenicity 0.03 ≈< c <≈ 0.032, whereas for higher values damped oscillations appears (i.e. with c = 0.033 the system reaches an equilibrium with around 60000 tumour cells). In Figure 7 we show two examples of oscillations; for c = 0.03 and for c = 0.032. Note that in Figure 7 we also plotted the minimum after the first spike of the oscillation. Table 1 .
Tumour suppression in the case of large c
If the value of c is further increased the average value of the stochastic oscillations of tumour cells progressively reduces. The reduction is such that the suppression of the tumour gradually reappears. For example, we performed a series of simulations by varying c (2000 simulations 2000 days long for each value of c), and we observed that at least one observed eradication occurred for c greater than a threshold value 13, the value for which two eradications over 2000 simulations of the stochastic process were observed. At c = 30 tumour eradication was observed in 20% of simulations, and for c = 50 almost half of the simulations had the tumour eradication as outcome (956 out of 2000).
In Figure 8 one simulation of the stochastic process for c = 71.1 is shown, whereas in Figure 9 (left) we plotted the percentage of observed eradications in function of c. As far as the times when the first eradication is observed, we note that in many cases, the minimal eradication time is very small. Thus, we plotted in Figure 9 (right) the modal value of t erad for c ∈ (13, 71.5), i.e. the value of t er for which the maximum number of eradications was observed.
Immunotherapy
Although, as we stressed in the introduction, here we are essentially interested in investigating the effect of stochasticity in the unperturbed time course of a tumour, for the sake of completeness, we briefly report some simulations of an adoptive cellular immunotherapy (s 1 > 0). Table 1 . Table 1 . In both subfigures an insert is plotted zooming in on the minimal values reached at the end of the first spike of the oscillation. The deterministic setting is quite pessimistic since a therapy only eradicates for t → ∞, so that after a therapy having a realistic finite time span the tumour restarts growing. Thus the maximum beneficial effect of an immunotherapy would be moving the state of tumour from the region of convergence of a macroscopic equilibrium (not compatible with the life of the host organism) to the basin of attraction of a small steady state.
The stochastic simulations, instead, suggests that an immunotherapy may eradicate the disease in a finite time, as shown, for the case of an adoptive cellular immunotherapy (Figure 10) .
We focused on the antigenicity value c = 10 −4 which is, for both the deterministic and stochastic models, a value such that no eradication is observed in the absence of therapy. Regarding the therapy, we modelled an adoptive cellular immunotherapy from day 70 to day 130 of simulation. We used s 1 = 0.0 for the first 70 days of simulation and, for the following days, we used s 1 = 10s1 cr where s1 cr is the threshold value for the local stability of the suppression in the deterministic setting (Kirschner and Panetta 1998) .
Concluding Remarks
In order to investigate the phenomenon of spontaneous onco-suppression by the immune system and at the same time to assess whether the Kirschener-Panetta approach may reproduce this important The other parameters are as in Table 1. phenomenon, we proposed here a hybrid model that extends the Kirschner-Panetta model. In our extended model the dynamics of tumour cells and immune effectors are described by a suitable stochastic process, whereas the dynamics of the concentration of interleukins are modelled by an ordinary differential equation. Since the stochastic processes are interlinked with the dynamics of the interleukins (and vice versa), the main features of this model are that it contains time-dependent propensity functions and combines both the features of deterministic and stochastic models. In order to simulate the model, it was necessary to define a proper stochastic simulation algorithm. Indeed, although in the literature we find algorithms for simulating time-dependent propensity functions (Lecca 2006 , Anderson 2007 as well as algorithms for simulating hybrid models (Salis and Kaznessis 2005, Alfonsi et al. 2004) , the combination of both is missing. Consequently, for the sake of analysing this model we defined an ad-hoc algorithm based on the ideas of Gillespie's Stochastic Simulation Algorithm (Gillespie 1976 , Gillespie 1977 which permits an efficient implementation.
We would point out that the model we present is not a completely new one, but is a stochastic model built on top of a well-known and biologically backgrounded model. The simulations and their biological interpretation, instead, are new.
Our hybrid stochastic version of the Kirschner-Panetta model suggests that, at least in some cases, complete immune surveillance with suppression of the neoplasm might be reached thanks to the conjunction of the intrinsic tendency of the tumour-immune system to oscillate, which is significantly evidenced by the deterministic model, with the stochastic dynamics. We note that this may empirically be inferred by the deterministic Kirschner-Panetta model by considering the tumour eradicated whenever T (t) < 1. In fact, from a quantitative analysis of the models, we observe significant differences in the tumour eradication times. Moreover, by following the stochastic approach we have Table 1. been able to give a probability distribution of the eradication time, and the discussion of Section 4.1 regarding the different behaviours of the system by varying its initial conditions would not have been possible by considering only the average eradication time provided by the deterministic model. The relevant role of oscillations showed an intriguing role for the immunogenicity of the disease, which is represented by the parameter c in the model. Indeed, the deterministic immunogenicity path can be summarised as follows: for low values of c the tumour size is large and the oscillations have very large periods, for intermediate values of c we observe intermediate oscillating tumour size. Finally, for large values of c we observe small tumour size reached after damped oscillations.
Conversely,, the stochastic path forecasts immune suppression for intermediate c, as well as, of course, for quite large c. This is quite a surprising result which deserves further biological investigations and which may have interesting implications for some immunotherapies, since for intermediate c the suppression range is small.
Moreover, since for many cases of tumour suppression in the case of low c tumour sizes do reach very large values, we must stress that in these cases the eradication is only theoretical since the host unfortunately dies. However, for larger values of c the tumour size is large but compatible with life, so that the model may contribute to a better understanding some sporadic cases of spontaneous permanent regression of macroscopic tumours (Krikorian 1980) . Of course for large values of c the probability of having a remission is large (e.g. for c = 50 we observed that the suppression is reached in 50% of the simulated paths). Finally, we observe that also stochastic sustained oscillations are possible.
When considering adoptive cellular immunotherapies, our simulations suggest that a stochastic model may qualitatively be used in tuning the average length of the therapies, as briefly illustrated in Figure 10 .
In summary, our work shows that the Kirschner and Panetta model is even more powerful than it seems, since our stochastic version of it may also describe the most important phenomenon of the tumour-immune system interplay, namely the total suppression of the tumour by the immune system in the absence of human intervention.
Finally, as far as the phenomena of late recurrence of tumours are concerned, since they did not appear in our stochastic simulations, we think that they may have their main root in the phenomenon of immunoediting (Dunn et al. 2004 , d'Onofrio 2007 ) and we intend to study them, following the approach used in (d 'Onofrio 2007) , by allowing, in the stochastic model, a slow decrease of some key parameters.
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